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▷ describe inclusion-exclusion formulas via abstract simplicial complexes,
▷ interpret IE properties in terms of Euler characteristic (χ) of sub-complexes,

▷ use the topological space associated to a simplicial complex to control its χ.

▷ Delaunay = nerve(Voronoi)

▷ nerve theorem

▷ Inclusion-exclusion formulas tailored to a set system,
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Theorem. [G-Matoušek-Paták-Safernová-Tancer ’15]
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Could simplified IE help getting this down?
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▷ What if... ?
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i1 i2 i3 i4 i5
...
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...
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p(k)
def
= probability that Kρ contains at least one simplex of dimension k.

ρ
def
= uniformly chosen random permutation of [n].

Proposition. [GMPST’15]

p
(
⌈2e lnm⌉

⌈
2 + ln

n

lnm

⌉)
≤ 1

2
.



#4. Zeta transform and its computation

• • • • • • • ◦ ◦ ◦
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f̂(S) =
∑
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f(T ).

f̂ is the Zeta transform of f .
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#5. Graph coloring via inclusion-exclusion

• • • • • • • • ◦ ◦



G = ([n], E) a graph and k an integer.



G = ([n], E) a graph and k an integer.

1 2

3 4

5 6

7 8



G = ([n], E) a graph and k an integer.

I def
= set of inclusion-maximal independent sets of G ⊊ 2[n]

1 2

3 4

5 6

7 8



G = ([n], E) a graph and k an integer.

I def
= set of inclusion-maximal independent sets of G ⊊ 2[n]

1 2

3 4

5 6

7 8

{1, 4, 6} and {1, 8}
are in I



G = ([n], E) a graph and k an integer.

I def
= set of inclusion-maximal independent sets of G ⊊ 2[n]

For i ∈ [n] put Ai
def
= {(σ1, σ2, . . . , σk) ∈ Ik : i /∈ ∪k

j=1σj}. 1 2

3 4

5 6

7 8



G = ([n], E) a graph and k an integer.

I def
= set of inclusion-maximal independent sets of G ⊊ 2[n]

For i ∈ [n] put Ai
def
= {(σ1, σ2, . . . , σk) ∈ Ik : i /∈ ∪k

j=1σj}.

G has a proper k-coloring ⇔ ∃(σ1, σ2, . . . , σk) ∈ Ik : [n] = ∪k
j=1σj .

1 2

3 4

5 6

7 8



G = ([n], E) a graph and k an integer.

I def
= set of inclusion-maximal independent sets of G ⊊ 2[n]

For i ∈ [n] put Ai
def
= {(σ1, σ2, . . . , σk) ∈ Ik : i /∈ ∪k

j=1σj}.

G has a proper k-coloring ⇔ ∃(σ1, σ2, . . . , σk) ∈ Ik : [n] = ∪k
j=1σj .

⇔ |I|k >

∣∣∣∣∣∣
n⋃

j=1

Aj

∣∣∣∣∣∣

1 2

3 4

5 6

7 8



G = ([n], E) a graph and k an integer.

I def
= set of inclusion-maximal independent sets of G ⊊ 2[n]

For i ∈ [n] put Ai
def
= {(σ1, σ2, . . . , σk) ∈ Ik : i /∈ ∪k

j=1σj}.

G has a proper k-coloring ⇔ ∃(σ1, σ2, . . . , σk) ∈ Ik : [n] = ∪k
j=1σj .

⇔ |I|k >

∣∣∣∣∣∣
n⋃

j=1

Aj

∣∣∣∣∣∣ =
∑

∅̸=X⊊[n]

(−1)|X|−1

∣∣∣∣∣∣
⋂
j∈X

Aj

∣∣∣∣∣∣

1 2

3 4

5 6

7 8



G = ([n], E) a graph and k an integer.

I def
= set of inclusion-maximal independent sets of G ⊊ 2[n]

For i ∈ [n] put Ai
def
= {(σ1, σ2, . . . , σk) ∈ Ik : i /∈ ∪k

j=1σj}.

G has a proper k-coloring ⇔ ∃(σ1, σ2, . . . , σk) ∈ Ik : [n] = ∪k
j=1σj .

⇔ |I|k >

∣∣∣∣∣∣
n⋃

j=1

Aj

∣∣∣∣∣∣ =
∑

∅̸=X⊊[n]

(−1)|X|−1

∣∣∣∣∣∣
⋂
j∈X

Aj

∣∣∣∣∣∣
For X ⊆ [n] put IX

def
= {σ ∈ I : X ∩ σ = ∅}.

1 2

3 4

5 6

7 8



G = ([n], E) a graph and k an integer.

I def
= set of inclusion-maximal independent sets of G ⊊ 2[n]

For i ∈ [n] put Ai
def
= {(σ1, σ2, . . . , σk) ∈ Ik : i /∈ ∪k

j=1σj}.

G has a proper k-coloring ⇔ ∃(σ1, σ2, . . . , σk) ∈ Ik : [n] = ∪k
j=1σj .

⇔ |I|k >

∣∣∣∣∣∣
n⋃

j=1

Aj

∣∣∣∣∣∣ =
∑

∅̸=X⊊[n]

(−1)|X|−1

∣∣∣∣∣∣
⋂
j∈X

Aj

∣∣∣∣∣∣
For X ⊆ [n] put IX

def
= {σ ∈ I : X ∩ σ = ∅}.

{

= |IX |k

1 2

3 4

5 6

7 8



G = ([n], E) a graph and k an integer.

I def
= set of inclusion-maximal independent sets of G ⊊ 2[n]

For i ∈ [n] put Ai
def
= {(σ1, σ2, . . . , σk) ∈ Ik : i /∈ ∪k

j=1σj}.

G has a proper k-coloring ⇔ ∃(σ1, σ2, . . . , σk) ∈ Ik : [n] = ∪k
j=1σj .

⇔ |I|k >

∣∣∣∣∣∣
n⋃

j=1

Aj

∣∣∣∣∣∣ =
∑

∅̸=X⊊[n]

(−1)|X|−1

∣∣∣∣∣∣
⋂
j∈X

Aj

∣∣∣∣∣∣
For X ⊆ [n] put IX

def
= {σ ∈ I : X ∩ σ = ∅}.

{

= |IX |k

Let f
def
= 1I so that |IX | = f̂([n] \X)

1 2

3 4

5 6

7 8



G = ([n], E) a graph and k an integer.

I def
= set of inclusion-maximal independent sets of G ⊊ 2[n]

For i ∈ [n] put Ai
def
= {(σ1, σ2, . . . , σk) ∈ Ik : i /∈ ∪k

j=1σj}.

G has a proper k-coloring ⇔ ∃(σ1, σ2, . . . , σk) ∈ Ik : [n] = ∪k
j=1σj .

⇔ |I|k >

∣∣∣∣∣∣
n⋃

j=1

Aj

∣∣∣∣∣∣ =
∑

∅̸=X⊊[n]

(−1)|X|−1

∣∣∣∣∣∣
⋂
j∈X

Aj

∣∣∣∣∣∣
For X ⊆ [n] put IX

def
= {σ ∈ I : X ∩ σ = ∅}.

{

= |IX |k

Let f
def
= 1I so that |IX | = f̂([n] \X)

f −→ f̂ −→ |IX |k −→

∣∣∣∣∣∣
n⋃

j=1

Aj

∣∣∣∣∣∣ −→ Does G have a

proper k-coloring?

1 2

3 4

5 6

7 8



G = ([n], E) a graph and k an integer.

I def
= set of inclusion-maximal independent sets of G ⊊ 2[n]

For i ∈ [n] put Ai
def
= {(σ1, σ2, . . . , σk) ∈ Ik : i /∈ ∪k

j=1σj}.

G has a proper k-coloring ⇔ ∃(σ1, σ2, . . . , σk) ∈ Ik : [n] = ∪k
j=1σj .

⇔ |I|k >

∣∣∣∣∣∣
n⋃

j=1

Aj

∣∣∣∣∣∣ =
∑

∅̸=X⊊[n]

(−1)|X|−1

∣∣∣∣∣∣
⋂
j∈X

Aj

∣∣∣∣∣∣
For X ⊆ [n] put IX

def
= {σ ∈ I : X ∩ σ = ∅}.

{

= |IX |k

Let f
def
= 1I so that |IX | = f̂([n] \X)

f −→ f̂ −→ |IX |k −→

∣∣∣∣∣∣
n⋃

j=1

Aj

∣∣∣∣∣∣ −→O(2nn)

Does G have a

proper k-coloring?

1 2

3 4

5 6

7 8



G = ([n], E) a graph and k an integer.

I def
= set of inclusion-maximal independent sets of G ⊊ 2[n]

For i ∈ [n] put Ai
def
= {(σ1, σ2, . . . , σk) ∈ Ik : i /∈ ∪k

j=1σj}.

G has a proper k-coloring ⇔ ∃(σ1, σ2, . . . , σk) ∈ Ik : [n] = ∪k
j=1σj .

⇔ |I|k >

∣∣∣∣∣∣
n⋃

j=1

Aj

∣∣∣∣∣∣ =
∑

∅̸=X⊊[n]

(−1)|X|−1

∣∣∣∣∣∣
⋂
j∈X

Aj

∣∣∣∣∣∣
For X ⊆ [n] put IX

def
= {σ ∈ I : X ∩ σ = ∅}.

{

= |IX |k

Let f
def
= 1I so that |IX | = f̂([n] \X)

f −→ f̂ −→ |IX |k −→

∣∣∣∣∣∣
n⋃

j=1

Aj

∣∣∣∣∣∣ −→O(2nn) O(2n)

Does G have a

proper k-coloring?

1 2

3 4

5 6

7 8



G = ([n], E) a graph and k an integer.

I def
= set of inclusion-maximal independent sets of G ⊊ 2[n]

For i ∈ [n] put Ai
def
= {(σ1, σ2, . . . , σk) ∈ Ik : i /∈ ∪k

j=1σj}.

G has a proper k-coloring ⇔ ∃(σ1, σ2, . . . , σk) ∈ Ik : [n] = ∪k
j=1σj .

⇔ |I|k >

∣∣∣∣∣∣
n⋃

j=1

Aj

∣∣∣∣∣∣ =
∑

∅̸=X⊊[n]

(−1)|X|−1

∣∣∣∣∣∣
⋂
j∈X

Aj

∣∣∣∣∣∣
For X ⊆ [n] put IX

def
= {σ ∈ I : X ∩ σ = ∅}.

{

= |IX |k

Let f
def
= 1I so that |IX | = f̂([n] \X)

f −→ f̂ −→ |IX |k −→

∣∣∣∣∣∣
n⋃

j=1

Aj

∣∣∣∣∣∣ −→O(2nn) O(2n) O(2n)

Does G have a

proper k-coloring?

1 2

3 4

5 6

7 8



#6. What if... ?

• • • • • • • • • ◦
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j=1σj}.

3. Find a sparse inclusion-exclusion formula for F ...

4. ... on which fast Zeta transform can be performed.
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Thank you for your attention!


